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ODD LAPLACIANS: GEOMETRICAL MEANING OF POTENTIAL, AND
MODULAR CLASS
H. M. KHUDAVERDIAN AND M. PEDDIE
Abstract. A second order self-adjoint operator ∆ = S∂2 + U is uniquely defined by its
principal symbol S and potential U if it acts on half-densities. We analyse the potential
U as a compensating field (gauge field) in the sense that it compensates the action of
coordinate transformations on the second derivatives in the same way as an affine connection
compensates the action of coordinate transformations on first derivatives in the first order
operator, a covariant derivative, ∇ = ∂ + Γ. Usually a potential U is derived from other
geometrical constructions such as a volume form, an affine connection, or a Riemannian
structure, etc. The story is different if ∆ is an odd operator on a supermanifold. In this
case the second order potential becomes a primary object. For example, in the case of
an odd symplectic supermanifold, the compensating field of the canonical odd Laplacian
depends only on this symplectic structure, and can be expressed by the formula obtained
by K.Bering. We also study modular classes of odd Poisson manifolds via ∆-operators,
and consider an example of a non-trivial modular class which is related with the Nijenhuis
bracket.
1. Second order self-adjoint operator on half-densities
Let S = Sab∂b⊗∂a be a rank 2, contravariant symmetric tensor field on a (super)manifold
M . We consider the class FS of second order operators acting on half-densities on M such
that every operator ∆ of this class obeys the following conditions:
• ∆ has principal symbol S; in local coordinates ∆ = 1
2
Sab(x)∂b∂a + . . . ;
• Operator ∆ is self-adjoint: ∆∗ = ∆, i.e.
〈∆s1, s2〉 = 〈s1,∆∗s2〉 , (1)
where 〈 , 〉 is the natural scalar product on half-densities:
〈s1, s2〉 =
∫
M
s1(x)s2(x)|Dx| ,
s1 = s1(x)
√|Dx|, s2 = s2(x)√|Dx| are two arbitrary half-densities (with compact support).
Remark 1. A density of weight λ, s = s(x)|Dx|λ, is multiplied by the λth power of the
Jacobian under a change of coordinates. Densities of weight λ = 0 are functions on the
manifold, and those of weight λ = 1 are volume forms. In this article we mostly consider
densities of weight λ = 1
2
, half-densities.
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Proposition 1. For an arbitrary rank 2, contravariant symmetric tensor field S = S(x) on
a manifold M , the class FS is not empty, and any two operators in this class differ by a
scalar function: if ∆,∆′ ∈ FS then
∆′ −∆ = F (x) . (2)
One can say that FS is an affine space of second order operators associated with the vector
space of functions on M .
Proof. First prove (2). Indeed, operator ∆′ − ∆ has to be an operator of order 6 1 since
both operators ∆ and ∆′ have the same principal symbol. The self-adjointness condition
implies that the order of this operator is not equal to 1; if ∆′ − ∆ = La(x)∂a + . . . then
self-adjointness implies
La(x)∂a + · · · = (La(x)∂a + . . . )∗ = −La(x)∂a + · · · ⇒ La ≡ 0 .
Thus we come to equation (2).
To prove that the class FS is not empty consider (using a partition of unity argument,)
an arbitrary volume form ρ = ρ(x)|Dx|. Now using this volume form we construct a second
order operator belonging to the class FS. Every half-density s = s(x)
√|Dx| defines a
function fs =
s√
ρ
= s(x)√
ρ(x)
. This function defines a covector field dfs, and this covector
field defines a vector field Xs = Sdfs via the contravariant tensor field S. Considering the
divergence of this vector field with respect to the volume form ρ, we come to the operator
∆(ρ) on half-densities defined in the following way:
∆(ρ)s =
1
2
√
ρdiv ρXs =
1
2
√
ρdiv ρ (Sdfs) =
1
2
√
ρ(x)
1
ρ(x)
∂a
(
ρ(x)Sab(x)∂b
(
s(x)√
ρ(x)
))√
|Dx|
=
1
2
(
∂a
(
Sab∂bs
)− 1
2
∂a
(
Sab∂b log ρ
)
s− 1
4
∂a log ρS
ab∂b log ρs
)√
|Dx|. (3)
It is easy to check that it is a self-adjoint operator. Every operator ∆ ∈ FS differs from ∆(ρ)
by a scalar function: FS ∋ ∆ = ∆(ρ) + F (x). 
We see that self-adjointness uniquely defines a second order operator on half densities by
its symbol up to a function. It is useful to look at the analogous statement for first order
operators.
Proposition 2. Let L be first order anti-self-adjoint operator on half-densities: L∗ = −L
with principal symbol, vector field X = Xa∂a. Then operator L is the Lie derivative of
half-densities along the field X, L = LX,
LX : LXs = LX(s(x)
√
|Dx|) =
(
Xa(x)∂as(x) +
1
2
∂aX
a(x)s(x)
)√
|Dx| . (4)
Proof. Let L = Xa∂a +B. Condition of anti-self-adjointness means that
L∗ = (Xa∂a +B)
∗ = −Xa∂a − ∂aXa +B = − (Xa∂a +B)⇒ B = 1
2
∂aX
a , andL = LX .

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Corollary 1. Let ∆ be an arbitrary self-adjoint second order operator on half-densities with
principal symbol S = Sab∂b ⊗ ∂a, ∆ ∈ FS. Then for an arbitrary function f ,
∆(fs) = f∆s+ LDf , whereDf = Sdf = S
ab∂bf∂a . (5)
Proof. The operator [∆, f ] = ∆ ◦ f − f ◦∆ is a first order operator with principal symbol,
vector field Sdf . It is an anti-self-adjoint operator: [∆, f ]∗ = −[∆, f ]. Proposition 2 then
implies that equation (5) is obeyed. 
Remark 2. We proved that the class FS is not empty by constructing an operator in this
class via a volume form. For further considerations, it is useful to present a construction
where one can define an operator in the class FS without using a volume form. To do this we
note that for any principal symbol S(x) one can consider a finite set of vector fields {Xλ,Yλ}
such that S can be decomposed as
S(x) =
∑
λ
Xλ(x)⊗sym Yλ(x) , Sab(x) =
1
2
∑
λ
(
Xaλ(x)Y
b
λ (x) + Y
a
λ (x)X
b
λ(x)
)
.
Then consider an operator
∆S = ∆ =
1
2
∑
λ
(LXλLYλ + LYλLXλ) , (6)
where LX is the Lie derivative (4) of half-densities along the vector field X. The principal
symbol of this operator is equal to S(x). Due to the anti-self-adjointness of the Lie deriva-
tive of half-densities, this operator is self-adjoint. Hence equation (6) defines a self-adjoint
operator on half-densities with principal symbol S.
The relation between S and the set {Xλ,Yλ} of vector fields is not canonical, Considering
different decompositions we come to different operators in the class FS.
One can see that an arbitrary ∆ ∈ FS has the following appearance in local coordinates,
∆ =
1
2
(
Sab(x)∂b∂a + ∂bS
ba(x)∂a + U(x)
)
. (7)
Definition 1. We say that U(x) is a second order compensating field or just a compensating
field of the second order operator ∆ ∈ FS.
For example, for the operator (3) the compensating field is equal to
U (ρ)(x) = −1
2
∂a
(
Sab(x)∂b log ρ(x)
)− 1
4
∂a log ρ(x)S
ab(x)∂b log ρ(x) . (8)
Let us see how the compensating field transforms under a change of local coordinates
(xa) 7→ (xa′). The expression for a half-density in new coordinates is s = s′(x′)√|Dx′| =
s′(x′(x))
√
J{x′,x}
√|Dx|, thus s(x) = s′(x′(x))√J{x′,x}, where we denote
J{x′,x} = det
(
∂x′
∂x
)
. (9)
Performing straightforward calculations, we see that in the new coordinates (xa
′
),
∆s =
(
∂b
(
Sba(x)∂a
(
s′(x′)
√
J{x′,x}
))
+ U(x)s′(x′)
√
J{x′,x}
)√
J{x,x′}
√
|Dx′| =(
∂b′
(
Sb
′a′(x′)∂a′s′(x′)
)
+ U ′(x′)s′(x′)
)√
|Dx′| ,
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where for tensor field S = Sab∂b ⊗ ∂a,
Sa
′b′(x′) =
∂xa
′
∂xa
Sab(x)
∂xb
′
∂xb
,
and
U ′(x′) = U(x) +
1
2
∂a′
(
Sa
′b′∂b′ log J
)
− 1
4
∂a′ log JS
a′b′∂b′ log J , (10)
where J = J{x′,x} is the Jacobian defined by equation (9).
Remark 3. In these calculations we use the fact that for Jacobian J = J{x′,x},
∂
∂xr
log J =
∂xc
∂xa
′
∂2xa
′
∂xc∂xr
,
since for an arbitrary matrix-valued function M , δ logM = Tr (M−1δM).
Proposition 3. An arbitrary, self-adjoint second order differential operator on half-densities
is well-defined by two geometrical objects:
• The contravariant rank 2 symmetric tensor field S which is the principal symbol of
the operator;
• A second order compensating field U(x), a geometrical object which transforms under
a change of coordinates according to equation (10).
For a given tensor field S, a space of compensating fields U is an affine space associated
with the vector space of functions on M .
Consider examples of second order compensating fields.
Example 1.1. If a manifold M is provided with a volume form ρ = ρ(x)|Dx| then one can
consider the second order compensating field U = U (ρ) (see equations (3) and (8)). Volume
form ρ can be derived from a Riemannian metric G (ρ =
√
detG|Dx|), or a symplectic
structure (ρ = |Dx| in Darboux coordinates). See also further examples.
Example 1.2. A compensating field U can be derived from a connection ∇ on densities. If
s = s(x)|Dx|λ is a density of weight λ and X is a vector field, then the covariant derivative
of density s along vector field X is equal to
∇Xs = ∇Xa∂a
(
s(x)|Dx|λ) = Xa (∂as(x) + λγas(x)) |Dx|λ ,
where (γa) are such that for coordinate volume form |Dx|, ∇∂a |Dx| = γa|Dx|. Under a
change of local coordinates γa transforms in the following way:
γa = x
a′
a
(
γa′ + ∂a′ log det
(
∂x
∂x′
))
= xa
′
a γa′ − xbb′xb
′
ba .
We use short notations for derivatives: xa
′
a =
∂xa
′
(x)
∂xa
, xa
′
bc =
∂xa
′
(x)
∂xb∂xc
. Symbols (γa) can be
considered as first order compensating fields.
Notice that every volume form ρ = ρ(x)|Dx| induces a connection ∇(ρ) on densities:
∇(ρ)
X
(s) = ρλ∂X
(
ρ
−λ
s
)
= Xa
(
∂as(x) + λγ
(ρ)
a
) |Dx|λ , γ(ρ)a = −∂a log ρ(x) .
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This is a flat connection. One can see that the potential U = U (ρ) corresponding to volume
form ρ (see equation (8) and the previous example) can be expressed via the connection ∇(ρ)
in the following way: if γa = γ
(ρ)
a then
U (ρ) =
1
2
∂aγ
a − 1
4
γaγ
a , where γa = Sabγb . (11)
This formula works not only for a flat connection ∇(ρ) defined by a volume form, but for an
arbitrary connection ∇ on densities. (It can be viewed in a more general framework if we
consider an upper connection γa.)
A connection ∇ on densities can be naturally produced via an affine connection: γa =
−Γbba, where Γabc are the Christoffel symbols of the affine connection. If the affine connection
is the Levi-Civita connection of a Riemannian manifold (M,G), then it produces a flat
connection corresponding to the canonical volume form of the Riemannian manifold:
γa = −Γbba = −∂a log
√
detG = γ(ρ)a ,whereρ =
√
detG|Dx| .
(See for detail [12], [13].)
In all previous examples the second order compensating field arises as a secondary object
from some structure, such as a metric, volume form or first order connection. In the next
example we will consider a compensating field (a potential) which arises as a primary object.
Example 1.3. For an arbitrary manifold M consider its tangent bundle TM , and the
supermanifold ΠTM , where Π is the parity reversing functor in fibres. For local coordinates
(xi) on M one can assign coordinates (xi, dxj) on ΠTM , where (dxi) are odd coordinates,
p(dxi) = 1. Functions F (x, dx) on the supermanifold ΠTM can be identified with differential
forms on M .
One can consider on ΠTM the canonical volume form ρ which, in coordinates (xi, dxj),
is equal to the coordinate volume form
ρ = |D(x, dx)|. (12)
This form remains invariant under a change of coordinates, since the Berezinian (superde-
terminant) of the coordinate transformation (xi, dxj) 7→ (xi′, dxj′) is equal to 1: xi′ =
xi
′
(x), dxj
′
= dxj ∂x
j′
∂xj
then
D(x′, dx′) = D(x, dx)Ber
(
∂ (x′, dx′)
∂ (x, dx)
)
= D(x, dx)Ber
(
∂xi
′
∂xi
0
dxj ∂
2xi
∂xi∂xj
∂xi
′
∂xi
)
= D(x, dx) .
We see from equations (12) and (8) that for every principal symbol S on ΠTM one can
consider a canonical potential which vanishes in coordinates (xi, dxj).
The constructions of this example are valid if M is not only a usual manifold, but an
arbitrary supermanifold. In this case the coordinates (xi) are even and odd coordinates on
M , and the parities of coordinates (dxi) are opposite to those of the coordinates (xi) on M ,
p(dxi) = p(xi) + 1. When there are odd variables present, functions on ΠTM correspond to
so called pseudodifferential forms.
Remark 4. Projective connection and compensating field.
In this article we consider only operators of weight 0, i.e. operators which do not change
the weight of densities. One can consider second order operators of weight δ 6= 0. A
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contravariant symmetric tensor density S|Dx|δ = Sab∂a ⊗ ∂b|Dx|δ defines the class F(δ)S of
self-adjoint second order operators of weight δ which act on densities of the weight 1−δ
2
and
takes values in densities of weight 1−δ
2
+ δ = 1+δ
2
. (See for detail [12] and [13].)
In particular for the 1-dimensional case we come to the following very important construc-
tion. On the line R, a canonical symmetric tensor density of weight δ = 2, ∂x ⊗ ∂x|Dx|2
defines a second-order self-adjoint operator on densities of weight 1−δ
2
= −1
2
∆ =
(
∂2x + U(x)
) |Dx|2. (13)
The compensating field U(x)|Dx|2 is called a projective connection. Under a change of
coordinates y = y(x) it transforms by the Schwartzian of the coordinate transformation:
U ′(y)|Dy|2 = U(x)|Dx|2 − 1
2
(
yxxx
yx
− 3
2
y2xx
y2x
)
|Dx|2 .
(See for example [7], [16] and [13].)
2. Second order operators on odd Poisson supermanifolds.
The considerations of the previous section can be easily generalised for operators act-
ing on supermanifolds, this simply involves inserting the relevant signs and using the super
analogues for integrals, in particular the determinant will change to the Berezinian (superde-
terminant) (as in example (1.3)).
Most of the constructions in this section become meaningful only in the super-setting. So
we will be careful about the signs arising during the calculations. For example, the definition
(1) of an adjoint operator has to be rewritten 〈∆s1, s2〉 = (−1)p(∆)p(s1)〈s1,∆∗s2〉, where
p(∆), p(s1) are the parities of the operator ∆ and s1. For references on supermathematics
see the book of F.A.Berezin [4].
Let M be a supermanifold provided with an odd rank 2 contravariant symmetric tensor
field E = Eab(x)∂b ⊗ ∂a. If (xa) are local coordinates on the manifold M (hence forward we
will usually suppress the prefix super,) then
E : p(Eab(x)) = 1 + p(a) + p(b) , Eab(x) = (−1)p(a)p(b)Eba(x) , (14)
where p(a) is the parity of the coordinate xa. We will reserve the notation E = Eab∂b ⊗ ∂a
for such an odd rank 2 tensor field.
Consider an arbitrary self-adjoint second order odd operator on half-densities with prin-
cipal symbol E,
∆ ∈ FE, ∆ = 1
2
Eab(x)∂b∂a + . . . , p (∆s) = 1 + p(s) .
One can see that in local coordinates it has the appearance
∆ =
1
2
(
Eab∂b∂a + ∂bE
ba∂a + U(x)
)
(15)
where second order compensating field U(x) is an odd valued function.
Consider the ‘classical limit’ of operator ∆.
Let ( , ) be the canonical even Poisson bracket on the cotangent bundle T ∗M :
(F,G) = (−1)p(a)(p(F )+1)
(
∂F
∂pa
∂G
∂xa
− (−1)p(a) ∂F
∂xa
∂G
∂pa
)
, (16)
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where (xa, pb) are coordinates on T
∗M adjusted to local coordinates (xa) (under a change
of local coordinates (xa) 7→ (xa′), pb′ = ∂xb∂xb′ pb). Then the principal symbol E defines on
functions on the manifold M the following odd bracket
[F,G] = (−1)p(F ) ((HE, F ) , G) = (−1)p(a)p(F )∂aFEab∂bG , [xa, xb] = (−1)p(a)Eab , (17)
where HE =
1
2
Eabpbpa is an odd Hamiltonian on T
∗M , quadratic on the fibres of T ∗M (see
for detail [11]). This bracket is antisymmetric with respect to a shifted parity:
[F,G] = −(−1)(p(F )+1)(p(G)+1)[G,F ] .
We say that (M,E) is an odd Poisson manifold if E defines an odd Poisson bracket on M .
That is, if the Jacobi identity for the bracket [ , ] (17) is obeyed
(−1)p(F )p(H)+p(G) [F, [G,H ]] + (−1)p(F )p(G)+p(H) [G, [H,F ]] + (−1)p(G)p(H)+p(F ) [H, [F,G]] = 0,
in local coordinates
(−1)p(a)(p(c)+1)Eap∂pEbc + cyclic permutations = 0 . (18)
The left hand side of this equation is nothing but the canonical bracket of the odd Hamil-
tonian HE with itself. Jacobi identities (18) are obeyed if and only if (HE, HE) = 0. (See
for detail [11].)
The fact that the tensor field E equips M with the structure of an odd Poisson manifold
can be clearly viewed in terms of operator ∆.
Proposition 4. Let E = Eab∂b ⊗ ∂a be an odd contravariant symmetric tensor field on a
supermanifold M , and ∆ be an arbitrary second order odd self-adjoint operator with principal
symbol E, ∆ = Eab∂b∂a + . . . , (∆ ∈ FE(M)). Then
• Operator ∆2 = 1
2
[∆,∆] is an even anti-self-adjoint operator, (∆2)∗ = −∆2, which
has order equal to 3, 1, or else ∆2 = 0.
• Operator ∆2 is of order 1, or else ∆2 = 0, if and only if E defines an odd Poisson
structure on M , i.e. if (M,E) is an odd Poisson supermanifold.
• If (M,E) is an odd Poisson supermanifold then an even anti-self-adjoint operator ∆2
is equal to the Lie derivative along some vector field X:
∆2 = LX. (19)
This equation assigns an even vector field X = X(∆) to the operator ∆ defining
the odd Poisson structure. We call the vector field X the modular vector field of
the operator ∆. The modular vector field X(∆) is a Poisson vector field, that is, it
preserves the odd Poisson structure.
• If ∆′ = ∆+ F is another odd operator defining the same Poisson structure (∆,∆′ ∈
FE(M), ) then
X(∆′) = X(∆) +DF , (20)
where DF is the even Hamiltonian vector field corresponding to the odd function F :
DFG = [F,G] for an arbitrary function G.
Proof. The first statement of the Proposition follows from the fact that for two arbitrary
operators ∆1,∆2
[∆1,∆2]
∗ = [∆1◦∆2−(−1)p(∆1)p(∆2)∆2◦∆1]∗ = (−1)p(∆1)p(∆2)∆∗2◦∆∗1−∆∗1◦∆∗2 = −[∆∗1,∆∗2] .
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Thus for self-adjoint operators their commutator is anti-self-adjoint. Since ∆ is odd, ∆2 =
1
2
[∆,∆] is a commutator operator, so its order is less than or equal to 3. For the even
operator ∆2,
∆2 = P abc∂c∂b∂a + · · · = (Eab∂b∂a + . . . )2 = 2(−1)bEba∂aEcd∂d∂c∂b + . . . .
The principal symbol of ∆2 defines a cubic Hamiltonian (HE, HE) = 2(−1)bEba∂aEcdpdpcpb.
The vanishing of this cubic Hamiltonian is equivalent to the Jacobi identity (18) for the odd
bracket (17). Therefore the Jacobi identity is obeyed if and only if the order of ∆2 is less
than 3. One can say more. The order of an anti-self-adjoint operator ∆2 cannot be equal
to 2 or 0. Indeed, if ∆2 = Lab∂b∂a + P
a∂a + F then (∆
2)
∗
= −∆2 = −Lab∂b∂a + . . . , hence
Lab ≡ 0, i.e. the order of operator ∆2 is 6 1. If the P a also vanish, i.e. the order of ∆2 is < 1,
then anti-self-adjointness implies that F also vanishes, i.e. ∆2 = 0. We see that the order of
the operator ∆2 can be equal to either 3, 1, or ∆2 = 0. Therefore if E defines an odd Poisson
structure on M then ∆2 is an even first order operator (or it vanishes). This operator is an
anti-self-adjoint, even operator. Hence it is equal to the Lie derivative LX along a vector
field X, which is its principal symbol (see Proposition 2): ∆2 = LX = X
a∂a +
1
2
(−1)a∂aXa.
The vector field X preserves the operator ∆: LX ◦∆ = ∆2 ◦∆ = ∆◦∆2 = ∆◦LX. Hence
it preserves the odd Poisson bracket (17), defined by the principal symbol of this operator.
The proof of equation (20) follows from Corollary 1. Since F is an odd function then
(∆′)2 = (∆ + F )2 = ∆2 + [∆, F ] = LX + LEdf = LX+DF .

Hamiltonian vector fields evidently preserve the Poisson bracket, they are Poisson vector
fields. Consider the first Lichnerowicz-Poisson cohomology group of the Poisson manifold
(M,E)
H1LP (M,E) =
Poisson vector fields on M
Hamiltonian vector fields on M
.
Using the Proposition above we come to
Definition 2. Let (M,E) be a supermanifold provided with an odd Poisson structure, and
let ∆ be an arbitrary odd second order self-adjoint operator on half-densities, such that E
is its principal symbol, ∆ ∈ FE(M). Let X = X(∆) be the modular vector field (19) of
operator ∆. Due to equation (20), the equivalence class [X] in H1LP (M,E) does not depend
on a choice of operator ∆ in the class FE(M). We call this class the modular class of the
odd Poisson supermanifold (M,E).
It is useful to write down explicit formulae for the modular vector field of a self-adjoint
operator ∆. If ∆ has the appearance (15) in local coordinates, then
∆2 = LX = X
a∂a+
1
2
(−1)p(b)∂bXb =
(
1
2
∂b
(
Ebc∂c∂pE
pa
)
+ (−1)p(a)Eab∂bU
)
∂a+
1
2
∂b
(
Ebp∂pU
)
,
i.e.
X = Xa∂a =
(
1
2
∂b
(
Ebc∂c∂pE
pa
)
+ (−1)p(a)Eab∂bU
)
∂a . (21)
Let us make the following remark regarding the origin of this construction, and in partic-
ular about its counterpart for an even Poisson structure.
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Let (M,P) be a usual manifold (without supervariables) with a Poisson structure defined
by an even Poisson tensor P. For an arbitrary volume form ρ = ρ(x)|Dx| on M , one can
consider the modular vector field X = X(ρ) such that for an arbitrary function F
X(ρ)(F ) =
LDFρ
ρ
= div ρDF =
1
ρ(x)
∂a
(
ρ(x)P ab∂bF
)
, (22)
where DF is as usual the Hamiltonian vector field corresponding to F : DFG = {F,G}P.
One can see thatX(ρ) is a Poisson vector field. If we choose another volume form ρ′ = eGρ,
then it is easy to see that X(ρ) changes by a Hamiltonian vector field: X(ρ
′) = X(ρ) + DG
(compare with equation (20)). Thus one can assign to the Poisson manifold (M,P) an
equivalence class [X(ρ)] of vector field (22) in the cohomology group H1LP (M,P). It is how
A.Weinstein defined the modular class of a usual Poisson manifold [19].
Weinstein’s modular class vanishes for an even symplectic manifold when the Poisson
tensor P is invertible; in this case there exists an invariant volume form ρ. If G is a Lie
algebra with structure constants cikm, then the modular class of the Lie-Poisson bracket
{ui, uk} = cmikum is represented by the covector tm = ciim.
The Weinstein construction of modular class can be easily performed for an even Poisson
supermanifold, but remarkably, for an odd Poisson manifold equation (22) does not define a
vector field. The operation which assigns to an arbitrary function F the divergence of the
Hamiltonian vector field DF with respect to an odd Poisson structure is no longer a first
order differential operator. It becomes a second order operator (see detail in [8] and [9])
∆ρF =
1
2
LDFρ
ρ
=
1
2
div ρDF . (23)
Here 1
2
is just a normalisation coefficient, and DFG = [F,G]E where [ , ]E is the odd bracket
of this odd Poisson manifold. We change notation for operation (22) stressing the fact that
for an odd Poisson structure it becomes a second order operator. The odd Poisson tensor
E defining the odd Poisson structure is a symmetric tensor (see (14)) and it is equal to the
principal symbol of this second order operator ∆ρ. (The Poisson tensor P defining the usual
Poisson structure and the modular vector field X(ρ) is an antisymmetric tensor (see detail
in [8], [9] and [11])).
For example consider an odd symplectic case, a non-degenerate n|n-dimensional odd Pois-
son manifold. (The equality of odd and even dimensions is implied by the non-degeneracy
of the odd bracket.) Let (qi, θj), i, j = 1, . . . , n be even and odd Darboux coordinates of this
supermanifold:
[qi, θj ] = δ
i
j , [q
i, qj] = 0 , [θi, θj] = 0 . (24)
Then
∆ρF =
1
2
LDFρ
ρ
=
1
2
div ρDF =
∂2F (q, θ)
∂qi∂θi
+
1
2
[log ρ, F ] . (25)
In the case if ρ = |D(q, θ)| is a coordinate volume form, then this operator becomes the
famous Batalin-Vilkovisky ∆-operator which was introduced in the seminal work [3]. (See
[8], [17], [10].)
Operator (25) and the related operator on half-densities were studied in the article [11]
for an arbitrary odd Poisson manifold. In particular, in this article it was noticed that the
operator ∆2
ρ
is a vector field and that ∆2
ρ′
= ∆2
eGρ
= ∆2
ρ
+DG if ρ
′ = eGρ. From this, the
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definition of modular class was suggested for an odd Poisson manifold. One can see that
this definition of modular class in [11] is equivalent to definition (2) given here. On the
other hand, the considerations in [11] were performed straightforwardly without using self-
adjointness property of operators on half-densities, and examples of odd Poisson manifolds
with a non-trivial modular class were not considered.
Remark 5. Notice that if ρ is an arbitrary volume form on an odd Poisson manifold (M,E)
then operator ∆(ρ) ∈ FE on half-densities with second order compensation field U = U (ρ)
constructed with use of compensation field U (see equations (1) and (8)), and the operator
∆ρ on functions constructed in equation (25) are related by equation
∆(ρ) =
√
ρ ◦∆ρ ◦ 1√
ρ
.
3. Examples. Calculation of modular classes.
We consider here examples of second order self-adjoint odd operators which define an odd
Poisson bracket. We study the odd potential of these operators, and calculate the modular
classes of these Poisson manifolds.
3.1. An odd symplectic manifold. Bering’s formula. Let (M,E) be an odd sym-
plectic manifold, i.e. an odd Poisson tensor field E defines a non-degenerate odd Poisson
structure. The odd differential form e = dxadxbeab(x) is inverse to the odd Poisson tensor
E = Eab(x)∂b ⊗ ∂a: Eac(x)ecb(x) = δab .
The basic example of an odd symplectic manifold is the following: for an arbitrary n-
dimensional manifold L, consider its cotangent bundle reversing the parity of coordinates
in the fibres, i.e. an n|n-dimensional supermanifold M = ΠT ∗L. One can assign to local
coordinates (qi) on the manifold L, local coordinates wa = (qi, θj), (i, j = 1, . . . , n) on
the supermanifold ΠT ∗L, where θj are odd coordinates in the fibres, the odd conjugate
momenta (under a change of local coordinates (qi) 7→ (qi′), θj′ = ∂qj∂qj′ θj). Functions on the
supermanifold M = ΠT ∗L can be identified with multivector fields on L. In the same way
as the cotangent bundle T ∗L possesses the usual canonical even symplectic structure, the
supermanifold ΠT ∗L possesses canonical odd symplectic structure; local coordinates (qi, θj)
become Darboux coordinates (see equation (24)) of this odd symplectic supermanifold. The
initial manifold L is a Lagrangian n|0-dimensional surface in this symplectic space. One can
show that every odd symplectic supermanifold is symplectomorphic to ΠT ∗L, where L is its
n|0-dimensional Lagrangian surface (see [17] and [10]).
On the odd symplectic supermanifold (M,E), consider an arbitrary odd second order self-
adjoint operator on half-densities with principal symbol E. In arbitrary local coordinates
it has the appearance given by equation (15). An odd potential U(x) can be defined, for
example, via a volume form or a connection on densities (see equations (8) and (11)), but in
the case when M is an odd symplectic supermanifold one can define an odd potential U(x)
as a primary object in the following way: choose instead of local coordinates (xa), arbitrary
Darboux coordinates wa = (qi, θj) and define the operator ∆ in these Darboux coordinates
by the equation
∆: ∆s = ∆
(
s(q, θ)
√
|D(q, θ)|
)
=
∂2s(q, θ)
∂qi∂θi
√
|D(q, θ)|. (26)
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The remarkable fact is that this formula gives a well-defined operator, since expression (26)
does not depend on a choice of Darboux coordinates (see for detail [10]). We call this operator
the canonical odd Laplacian of an odd symplectic manifold.
In Darboux coordinates, the potential of the odd canonical Laplacian vanishes. Klaus
Bering calculated in [5] the expression for the odd potential U(x) of the canonical odd
Laplacian in arbitrary coordinates. In our notation it looks as follows:
U(x) =
1
4
∂b∂aE
ab(x)− (−1)p(b)(p(d)+1) 1
12
∂aE
bc(x)ecd(x)∂bE
da(x). (27)
One can see by straightforward calculations that the right hand side of this expression
transforms as a second order compensating field (10) under infinitesimal and linear coor-
dinate transformations (see [5]). Alternatively one can come to this answer by the fol-
lowing considerations: if (wa) are arbitrary Darboux coordinates, and xa = xa(wa
′
) then
Eab(x) = (−1)p(a)(p(a′)+1)xaa′Ia
′b′xbb′ , where I
a′b′ are components (they are constants) of the
matrix of tensor E in Darboux coordinates. Using (10) we will arrive at Bering’s formula.
We discuss this formula later in the next section.
The modular vector field of the canonical odd Laplacian vanishes since (∆)2 = 0. This
is evident in Darboux coordinates. Hence the modular class of an odd symplectic manifold
vanishes.
We see that the modular class of an odd symplectic manifold vanishes as in the even case,
despite the absence of an invariant volume form (see for detail [11]).
3.2. Koszul bracket. Consider in this example another canonical construction of an odd
Poisson structure, which is now not necessarily symplectic.
Let (M,P) be an arbitrary usual Poisson manifold. The Poisson structure is defined onM
by a rank 2 contravariant antisymmetric tensor P obeying the Jacobi identity. One can assign
to (M,P) an odd Poisson supermanifold in the following way. Consider as in example 1.3,
the supermanifold ΠTM (the tangent bundle to M with parity reversed fibres). Functions
on ΠTM can be identified with differential forms on the manifold M . It is convenient to
work on ΠTM in local coordinates (xi, dxj), where (xi) are coordinates on M (xi are even
and dxi odd variables). The usual Poisson bracket { , } = { , }P on M can be canonically
lifted to an odd Poisson bracket (the Koszul bracket) [ , ] on ΠTM in the following way: for
two arbitrary functions F,G on M
[F,G] = 0 , [F, dG] = −{F,G}P , [dF, dG] = −d{F,G}P .
These relations give a well-defined odd bracket. In local coordinates, if {xi, xj} = P ij, then
[xi, xj] = 0, [xi, dxj ] = [dxi, xj ] = −P ij , [dxi, dxj ] = −dP ij = −dxk∂kP ij . (28)
Thus we define an odd Poisson structure (Koszul bracket) EP on ΠTM via the even Poisson
structure on the manifold M . The matrix of the tensor EP in coordinates (x
i, dxj) is the
following:
Eab
P
(x, dx) =
(
0 −P ij(x)
P ij dxk∂kP
ij(x)
)
, (29)
where ||Eab
P
|| is an n|n×n|n odd matrix, n is the dimension of the Poisson manifold M , and
||P ij|| is the n× n matrix of the Poisson tensor P.
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One can consider a canonical volume form ρ on ΠTM such that in coordinates (xi, dxj),
ρ = |D(x, dx)| (see equation (12)). Let ∆ be a second order self-adjoint operator on half-
densities on the odd Poisson manifold (ΠTM,EP), ∆ ∈ FEP , with a second order compen-
sating field, an odd potential U , defined by this canonical volume form, U = U (ρ),∆ = ∆(ρ)
(see equations (1) and (8)). In other words, the operator ∆ has principal symbol EP and
has the appearance of (15), where the tensor EP = ||EabP || is defined by the Koszul bracket
(29), and the potential U = U (ρ) vanishes in local coordinates (x, dx).
The canonical volume form ρ on ΠTM identifies the operator ∆ = ∆(ρ) on half-densities
with an operator ∆ρ on functions on ΠTM (see the equation in remark 5), and further
with the Koszul-Brylinski operator ∂P. The Koszul-Brylinski operator is the operator on
differential forms which is defined by the equation ∂P = [d, ιP], where d = dx
a ∂
∂xa
is the de
Rham differential, and ιP is the interior product with the bivector P. If the volume form
is canonical, the identification of differential forms on M with functions on ΠTM identifies
the two operators ∂P and ∆ρ. The Jacobi identity for the Poisson tensor P implies that
ι
2
P
= 0, and hence for the operator ∆ on half-densities, ∆2 = 0 also. Since ∆2 = 0, the
modular vector field of the operator ∆ vanishes, and therefore the modular class of the odd
Poisson manifold (ΠTM,P) vanishes. (See [15] for details, where the relation between the
Koszul-Brylinski operator and the operator ∆ρ on functions was studied.)
Remark 6. The vanishing of the modular vector field for operator ∆ on half-densities can
be checked by the following straightforward considerations. In coordinates (xi, dxj), the odd
potential U = U (ρ) vanishes, and the modular vector field X of the operator ∆ according to
equation (21) has the following appearance
X(∆) =
1
2
∂b
(
Ebc
P
(x, dx)∂c∂pE
pa
P
(x, dx)
)
∂a. (30)
Notice that if a point x of manifold M is regular, (i.e. rank of Poisson tensor P is locally
constant in a vicinity of this point,) then one can find in a vicinity of this point Darboux-Lie
coordinates such that in these coordinates, the components ||P ij|| of the Poisson tensor P
are constants (see [18] for details). This means that the entries of the matrix ||Eab
P
|| of the
odd Poisson tensor EP (see (29)) are also constants. Hence equation (30) implies that X(∆)
vanishes at regular points of M . Thus the modular field vanishes at all points, since regular
points are dense in M .
3.3. Example of non-trivial modular class. Now we consider an example of an odd
Poisson manifold with a non-vanishing modular class.
Let N be an arbitrary p|q-dimensional supermanifold. We add to N an additional coordi-
nate –‘odd time’, by considering a new p|q + 1-dimensional supermanifold
N = N × ΠR ,
where ΠR is the 0|1-dimensional odd line. Local coordinates on the supermanifold N are
(xa, τ), where xa are even and odd coordinates on N , and τ is an odd coordinate on ΠR.
The construction of the supermanifold N = N × ΠR is in a certain precise sense adjoint
to the construction of the supermanifold ΠTM , which we used in example 1.3 and in the
construction in subsection 3.2. Namely
Maps(N × ΠR,M) = Maps(N,ΠTM) , (natural isomorphism)
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since
ΠTM = Maps(ΠR,M) , (the supermanifold of ‘odd paths’) .
Let η be an arbitrary odd vector field on supermanifold N , η = ηa(x)∂a, (p(η) = 1).
Consider on the supermanifold N = N × ΠR two vector fields, even and odd, A = τη and
B = ∂
∂τ
. These vector fields define a second order, odd self-adjoint operator on half-densities
∆ =
1
2
(LA ◦ LB + LB ◦ LA) = 1
2
(Lτη ◦ L∂τ + L∂τ ◦ Lτη) , (31)
where LA,LB are the Lie derivatives of half-densities. (See equation (6) in Remark 2.) In
local coordinates
LA = τη
a(x)∂a +
1
2
τ∂η, (∂η = ∂aη
a(x)) , LB =
∂
∂τ
,
and so
∆ = τηa(x)∂a∂τ +
1
2
ηa(x)∂a +
1
2
τ∂η∂τ +
1
4
∂η ,
One can see by straightforward calculations that
∆2 =
1
4
ηa∂aη
b∂b +
1
8
ηa∂a∂η = LX , where X = X(∆) =
1
4
ηb∂bη
a∂a =
1
4
ηη =
1
8
[η,η] .
(32)
Since ∆2 is a vector field, Proposition 4 tells us that the principal symbol of the operator ∆
defines an odd Poisson structure { , } on N given in local coordinates as
{xa, τ} = −{τ, xa} = τηa , {xa, xb} = 0 , {τ, τ} = 0 . (33)
Consider the modular vector field X defined by equation (32). One can see that if X 6= 0,
then the modular class of this Poisson manifold does not vanish. Indeed, the Poisson bracket
(33) of two arbitrary functions belongs to the ideal generated by the odd variable τ , it is
proportional to τ , the ‘odd time’. Thus all the components of an arbitrary Hamiltonian
vector field are proportional to τ since DF = {F, xa}∂a + {F, τ}∂τ . On the other hand, the
components of the modular vector field (32) do not depend on τ . Hence the modular class
[X] of the modular vector field (32) is not trivial in the cohomology group H1LP (N,E) of the
Poisson manifold (N,E) (if X 6= 0). The considerations of this example can be summarised
in the following statement.
Theorem 1. Let N be an arbitrary supermanifold, and let η be an arbitrary odd vector
field on this supermanifold. The pair (N,η) defines the odd Poisson manifold N = N × ΠR
with Poisson structure expressed via the principal symbol of second order operator (31) (see
equations (33)).
The even vector field X = 1
8
[η,η] is the modular vector field of this operator (∆2 = LX),
and this vector field (if it does not vanish,) defines a non-trivial modular class of this odd
Poisson supermanifold.
In the next example we consider a special case of this modular class.
Remark 7. Notice that in particular C(N × ΠR) = C(N) ⊕ C(ΠN). For an arbitrary
function F (x, τ) on N × ΠR
F (x, τ) = f(x) + τg(x) 7→
(
f(x)
g(x)
)
.
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One can see that in this representation the actions (31), (32) of operators ∆ and ∆2 have
the following appearance:
∆
(
f(x)
g(x)
)
=
1
2
Lη
(
f(x)
g(x)
)
,
and
∆2
(
f(x)
g(x)
)
=
1
4
L2
η
(
f(x)
g(x)
)
=
1
4
Lη ◦ Lη
(
f(x)
g(x)
)
=
1
8
L[η,η]
(
f(x)
g(x)
)
.
3.4. Modular class and Nijenhuis bracket. In this example, using Theorem1, we study
the relation between the Nijenhuis bracket of form-valued vector fields and modular classes.
The Nijenhuis bracket is the bracket of vector fields with values in differential forms.
Recall its construction. Let X = X(x, dx) be a vector field with values in differential forms
on a manifold M , e.g. X = dxjX ij(x)∂i is a vector field with values in 1-forms on M (which
corresponds to a linear operator on tangent vectors to M).
Consider the supermanifold ΠTM (see examples 1.3, 3.2). Every vector field X(x, dx)
with values in differential forms can be lifted to a vector field on the supermanifold ΠTM :
X = X i(x, dx)∂i 7→ Xˆ = X i(x, dx)∂i + (−1)p(X)dxk ∂
∂xk
X i(x, dx)
∂
∂dxi
. (34)
The lifting is uniquely defined by the condition that the lifted field Xˆ commutes with the de
Rham differential d = dxk ∂
∂xk
:
X̂ :
{
p∗X̂ = X , p : ΠTM →M
[X̂, d] = 0.
The Nijenhuis bracket [X,Y]N of form-valued vector fields X,Y can be defined as a form-
valued vector field such that
[X,Y]N : ̂[X,Y]N = [X̂, Ŷ].
The RHS of this equation is just the usual commutator of vector fields on the supermanifold
ΠTM :
[X̂, Ŷ] = X̂Ŷ − (−1)p(Xˆ)p(Yˆ)ŶX̂ .
(Details of the construction above for the Nijenhuis bracket can be found e.g. in [14]. This
bracket was discovered in the 1950s and predates supermathematics, however it is through
the language of supermathematics that this construction is best described.)
In particular, ifX(x, dx) is odd, i.e. it takes values in usual differential forms of rank 2k+1,
then the bracket [X,X]N of this vector with itself is in general, not trivial. For example,
let X = dxjX ij(x)∂i be a vector field with values in usual 1-forms on M , i.e. X = X(x)
is a section of the usual linear operators on the tangent bundle. The lifted vector field on
ΠTM is equal to X̂(x, dx) = dxjX ij(x)∂i − dxkdxj∂kX ij(x) ∂∂dxi . This is an odd vector field
on ΠTM . One can see that
[X(x),X(x)]N = 2dx
jdxr(Xmj (x)∂mX
i
r(x) + ∂rX
m
j (x)X
i
m(x))∂i . (35)
Now return to modular classes.
Let X(x, dx) be an arbitrary odd vector field on a manifold M with values in differen-
tial forms, e.g. with values in 1-forms, and let η = X̂(x, dx) be its lifting (34) to the
supermanifold ΠTM . According to Theorem 1, the pair (ΠTM,η) defines a supermanifold
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N = ΠTM × ΠR provided with an induced odd Poisson structure such that the modular
class of this Poisson manifold is equal to
1
8
[η,η] =
1
8
[X̂(x, dx), X̂(x, dx)] =
1
8
̂[X,X]N .
Given an arbitrary odd form-valued vector field X on a manifold we define an odd Poisson
supermanifold such that its modular class is represented by Nijenhuis bracket [X,X]N .
4. Equation ∆2 = 0. Discussion
Let (M,E) be a supermanifold equipped with an odd Poisson bracket. What can we say
about the solutions of the equation
∆2 = 0 , (36)
where ∆ is a second order self-adjoint operator on half-densities with principal symbol E?
In other words, does there exist an odd potential U(x) such that for the operator ∆ =
1
2
(
Eab∂b∂a + ∂bE
ba∂a + U(x)
)
, the condition ∆2 = 0 is obeyed? It follows from Proposition
4 that this equation has a solution if and only if the modular class of the odd Poisson
manifold (M,E) vanishes. Two operators ∆,∆′ ∈ FE obey the equation ∆2 = ∆′2 = 0,
where ∆′ = ∆ + F , if and only if the Hamiltonian vector field DF vanishes, i.e. F is a
Casimir function of the Poisson bracket.
Equation (36) can be rewritten as the condition of the vanishing of the modular vector
field X(∆): ∆2 = LX. On setting the modular vector field (see (21)) equal to zero, we come
to a system of differential equations in the potential U :
U(x) : X(∆) = 0, i.e. , (−1)p(a)Eab∂bU + 1
2
∂b
(
Ebc∂c∂pE
pa
)
= 0. (37)
One can rephrase the statement above in the following way. These differential equations
have a solution if and only if the modular class of the Poisson manifold vanishes, and these
solutions are unique up to a Casimir function F of the Poisson bracket. The modular class
is the obstruction for a solution of this equation.
In the symplectic case (if the Poisson structure is non-degenerate,) the potential U is
defined up to an an odd constant (an auxiliary odd parameter). For the canonical odd
Laplacian (26), this odd constant is equal to zero. In the absence of odd constants, equations
(37) have unique solutions which are given by Bering’s formula (27).
One can distinguish the following special case of an odd Poisson manifold when there
exists a canonical odd Laplacian. Suppose that an odd Poisson manifold consists of odd
symplectic leaves which are all of the same dimension p|p, (the tensor E defining the Poisson
structure has constant rank p|p), i.e. in a vicinity of an arbitrary point there are Darboux-Lie
coordinates (qi, θj , z
α), i, j = 1, . . . , p (qi are even, θj are odd,) such that
{qi, θj} = δij , {qi, qj} = 0, {θi, θj} = 0, (i, j = 1, . . . , k) ,
{qi, zα} = {θj , zα} = {zα, zβ} = 0 . (38)
One can consider the following example of such a Poisson manifold: let (M,P) be a usual
Poisson manifold of constant rank, i.e. the Poisson tensor P has constant rank 2k at all
points of M . Then the supermanifold ΠTM with the Koszul bracket (28) consists of p|p-
dimensional symplectic leaves (p = 2k).
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In the case when there exists coordinates satisfying equations (38), one can define a canon-
ical operator in a way similar to (26). In a vicinity of an arbitrary point, choose Darboux-Lie
coordinates (38), and set ∆ = ∂
2
∂qi∂θi
in these local Darboux-Lie coordinates. As in equa-
tion (26), one can see that the operator is well-defined, it does not depend on the choice of
Darboux-Lie coordinates. The potential of this operator vanishes in these coordinates. In
the article [6] Bering wrote the formula for the canonical operator in the Poisson case which
covers this example.
We must mention the following important fact: the canonical odd Laplacian assigns to
an arbitrary volume form, the scalar function: ρ 7→ σρ = ∆
√
ρ√
ρ
. In the article [1], Batalin
and Bering showed that this function is proportional to the scalar curvature of a torsion-free
affine connection compatible with the symplectic structure and this volume form. In the
paper [2] the authors generalised this result for a class of odd Poisson manifolds of constant
rank (see (38)). The explanation of this statement will shed light on the geometry of the
compensating field of the odd canonical Laplacian.
We will make one final remark.
It is a standard textbook fact that any Riemannian manifold (M,G) possesses a unique
symmetric connection compatible with the metric Γ (the Levi-Civita connection). An ex-
plicit formula Γikm =
gij
2
(∂kgmj + ∂mgkj − ∂jgkm) expresses the Christoffel symbols of the
Levi-Civita connection in terms of the functions gik(x), which are the matrix entries of the
Riemannian metric Γ = gik(x)dx
idxk. Any odd symplectic supermanifold possesses a unique
odd potential U(x) (it is a compensating field of the canonical odd Laplacian (26), which
vanishes in Darboux coordinates). Bering’s formula (27) explicitly expresses this potential
in terms of the functions Eik(x) which are the matrix entries of the non-degenerate Poisson
tensor E = Eab∂b ⊗ ∂a defining this odd symplectic structure.
For an affine connection compatible with the odd symplectic structure, the situation is very
different. There are many symmetric affine connections compatible with a given symplectic
structure on a manifold (one may take a connection such that its Christoffel symbols vanish
in given set of Darboux coordinates). However there is no formula which expresses at least
one of these connections in terms of the functions ωik(x), the matrix entries of the closed
non-degenerate 2-form ω = ωikdx
i∧dxk defining symplectic structure. Indeed, suppose that
there exists an expression
Γikm = Γ
i
km
(
ωpq,
∂ωpq
∂xr
, . . .
)
such that if the functions ωpq(x) are the components of a closed non-degenerate differen-
tial 2-form, then the left hand side of this equation defines the Christoffel symbols of a
symmetric affine connection compatible with the symplectic structure defined by the 2-form
ω = ωikdx
i ∧ dxk. In a vicinity of an arbitrary point x0, choose arbitrary Darboux co-
ordinates (xi). In Darboux coordinates all the functions wik(x) are constants. Hence the
Christoffel symbols Γikm are constants in arbitrary Darboux coordinates. This contradicts
the existence of non-linear canonical transformations (transformations from Darboux coor-
dinates to another Darboux coordinate system). The absence of an explicit formula comes
from the non-uniqueness.
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